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Hereditary Properties
Graphs: 
ontainment as an indu
ed subgraph gives a quasi-order.Hereditary properties: downsets in this order. e.g. K4-free graphs.
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ontainment as an indu
ed subgraph gives a quasi-order.Hereditary properties: downsets in this order. e.g. K4-free graphs.Permutations: pattern 
ontainment ordering is a partial order.Permutation 
lasses: downsets in this order. e.g. 231-avoidingpermutations.
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Pattern ContainmentA permutation τ = τ(1) · · · τ(k) is 
ontained in the permutation
σ = σ(1)σ(2) · · · σ(n) if there exists a subsequen
e
σ(i1)σ(i2) · · · σ(ik ) order isomorphi
 to τ.
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Containment II
Containment forms a partial order on the set of all permutations.
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Containment II
Containment forms a partial order on the set of all permutations.Downsets of permutations in this partial order form permutation
lasses.i.e. π ∈ C and σ ≤ π implies σ ∈ C.Typi
al des
ription: basis is the set of minimal ex
luded elements.
C = Av(B) = {π : β 6≤ π for all β ∈ B}.
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Cherry-pi
ked Examples
Av(21) = {1, 12, 123, 1234, . . .}, the in
reasing permutations.
Av(12) = {1, 21, 321, 4321, . . .}, the de
reasing permutations.Typi
al Elements
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Cherry-pi
ked Examples
⊕21 = Av(321, 312, 231) = {1, 12, 21, 123, 132, 213, . . .}.
⊖12 = Av(123, 213, 132) = {1, 12, 21, 231, 312, 321, . . .}.Typi
al Elements
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Anti
hainsSet of pairwise in
omparable permutations.
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Anti
hainsSet of pairwise in
omparable permutations.Example (In
reasing Os
illating Anti
hain)
Bottom 
opies of 4123 must mat
h up (the an
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Anti
hainsSet of pairwise in
omparable permutations.Example (In
reasing Os
illating Anti
hain)
Last pair 
annot be embedded.Robert Brignall (Bristol) Anti
hains and pwo BCC2009 6 / 18



When are there anti
hains?No in�nite anti
hains.Words over a �nite alphabet [Higman℄.Graphs 
losed under minors [Robertson and Seymour℄.In�nite anti
hains.Graphs 
losed under indu
ed subgraphs (or merely subgraphs). e.g.C3,C4,C5, . . .Permutations 
losed under 
ontainment.Tournaments, digraphs, . . .
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Partial Well Order
A permutation 
lass is partially well-ordered (pwo) if it 
ontains noin�nite anti
hains.
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Partial Well Order
A permutation 
lass is partially well-ordered (pwo) if it 
ontains noin�nite anti
hains.QuestionCan we de
ide whether a permutation 
lass given by a �nite basis is pwo?To prove pwo � Higman's theorem is useful.To prove not pwo � �nd an anti
hain.
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Partial Well Order
A permutation 
lass is partially well-ordered (pwo) if it 
ontains noin�nite anti
hains.QuestionCan we de
ide whether a hereditary property given by a �nite basis is wqo?To prove pwo � Higman's theorem is useful.To prove not pwo � �nd an anti
hain.Other stru
tures: well quasi-order, not pwo, but same idea.
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Grid ClassesMatrix M whose entries are permutation 
lasses.
Grid(M) the grid 
lass of M: all permutations whi
h 
an be�gridded� so ea
h 
ell satis�es 
onstraints of M.ExampleLet M =

(

Av(21) Av(231) ∅

Av(123) ∅ Av(12) ).
∈ Grid(M)
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Grid 
lasses are useful
Cn = permutations in the 
lass C of length n.Growth rate of C is limn→∞

n√|Cn |.
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κ ≈ 2.20557 [Vatter℄:0 1 φ 2 κ
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Grid 
lasses are useful
Cn = permutations in the 
lass C of length n.Growth rate of C is limn→∞

n√|Cn |.Grid 
lasses give a 
omplete answer to permitted growth rates below
κ ≈ 2.20557 [Vatter℄:0 1 φ 2 κCf �
anoni
al properties� of graphs [Balogh, Bollobás and Weinrei
h℄.
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Monotone Grid ClassesSpe
ial 
ase: all 
ells of M are Av(21) or Av(12).Rewrite M as a matrix with entries in {0, 1,−1}.Example
M =





1 1 0
−1 0 10 1 −1 


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The Graph of a MatrixGraph of a matrix, G (M), formed by 
onne
ting together all non-zeroentries that share a row or 
olumn and are not �separated� by anyother nonzero entry.Example
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Monotone Grids and Partial Well OrderTheorem (Murphy and Vatter, 2003)The monotone grid 
lass Grid(M) is pwo if and only if G (M) is a forest,i.e. G (M) 
ontains no 
y
les.Anti
hain Constru
tion
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When does that apply?QuestionWhen is a 
lass C (a subset of) a monotone grid 
lass?
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When does that apply?QuestionWhen is a 
lass C (a subset of) a monotone grid 
lass?Answer [Vatter℄A 
lass C is monotone griddable if and only if it 
ontains neither the 
lasses
⊕21 nor ⊖12.
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Two is too manyTheoremA grid 
lass whose graph has a 
omponent 
ontaining two or morenon-monotone-griddable 
lasses is not pwo.Proof. Anti
hain element.
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Just one non-monotoneBad 
ell 
ontains only �nitely many �simple permutations�.
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Just one non-monotoneBad 
ell 
ontains only �nitely many �simple permutations�.Form a rooted tree on the red 
ell, and use Higman's Theorem.
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SummaryTwo non-monotone per 
omponent: 
lass not pwo.One non-monotone but �nitely many simples: 
lass is pwo.
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SummaryTwo non-monotone per 
omponent: 
lass not pwo.One non-monotone but �nitely many simples: 
lass is pwo.To-do: one non-monotone but in�nitely many simples(some anti
hains known).QuestionCan we de
ide whether a permutation 
lass given by a �nite basis is pwo?We're 
loser to answering this, but still some way o�.Try doing this for your favourite 
ombinatorial stru
ture.Robert Brignall (Bristol) Anti
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Thanks!
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